
 The impact of Kaluza-Klein fermions on Standard Model fermion couplings in a RS model

with custodial protection

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

JHEP09(2009)076

(http://iopscience.iop.org/1126-6708/2009/09/076)

Download details:

IP Address: 80.92.225.132

The article was downloaded on 01/04/2010 at 13:42

Please note that terms and conditions apply.

The Table of Contents and more related content is available

Home Search Collections Journals About Contact us My IOPscience

http://www.iop.org/Terms_&_Conditions
http://iopscience.iop.org/1126-6708/2009/09
http://iopscience.iop.org/1126-6708/2009/09/076/related
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J
H
E
P
0
9
(
2
0
0
9
)
0
7
6

Published by IOP Publishing for SISSA

Received: June 8, 2009

Revised: August 11, 2009

Accepted: August 25, 2009

Published: September 15, 2009

The impact of Kaluza-Klein fermions on Standard

Model fermion couplings in a RS model with custodial

protection

Andrzej J. Buras,a,b Björn Dulinga and Stefania Goria,c

aPhysik Department, Technische Universität München,

James-Franck-Straße, D-85748 Garching, Germany
bTUM Institute for Advanced Study, Technische Universität München,

Arcisstraße, D-80333 München, Germany
cMax-Planck-Institut für Physik (Werner-Heisenberg-Institut),
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Abstract: We reconsider the impact of heavy vector-like fermions on the couplings of

standard model (SM) quarks to the SM gauge bosons W± and Z and to the SM Higgs

boson H. Integrating out these fermions at tree level we derive general formulae that can

be used in any model containing such particles. We apply these formulae to the case of the

lightest Kaluza-Klein (KK) fermions in a Randall-Sundrum (RS) model with a custodial

protection of flavour conserving Zdi
Ld̄

i
L and flavour violating Zdi

Ld̄
j
L couplings. We point

out that in this model also the couplings of Zui
Rū

i
R and Zui

Rū
j
R are protected. In particular

we demonstrate explicitly that this protection is not spoiled by the mixing of the SM quarks

with the KK fermions, which is guaranteed by the underlying PLR symmetry. We find

that the impact of KK fermions on the Z-couplings, while not negligible, is significantly

smaller than the one coming from the mixing of Z with the heavy KK gauge bosons ZH

and Z ′. The situation is similar for the W± couplings with the only exception of the

tb coupling where the impact of KK fermions can in principle be larger than the effects

that are induced by gauge boson mixing. We also show explicitly that at O(v2/M2
KK) the

fermion-Higgs couplings of a Higgs placed on the infrared (IR) brane is not affected by the

KK contributions up to strongly chirally suppressed contributions. The corrections to the

CKM matrix, in particular the breakdown of its unitarity, are found to be small. We also

investigate the right-handed couplings of W± that are generated through the mixing with

KK-fermions and introduce a 3 × 3 matrix that describes the pattern of flavour violation

in these new interactions of the standard W±.
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1 Introduction

There are many extensions of the SM in which new fermions with non-standard SU(2)L ×
U(1)Y quantum numbers are present. In this context a prominent role is played by vector-

like fermions, that is fermions whose left-handed and right-handed components transform

in the same way under SU(3)c×SU(2)L×U(1)Y . As such, their masses are not protected by

the SM gauge symmetry and can be much larger than the masses of the ordinary quarks.

Consequently, the effects of such fermions on electroweak observables can be put easier

under control than those coming e.g. from the fourth generation of ordinary chiral fermions.

On the other hand the mixing of the vector-like fermions with the ordinary quarks,

which is caused by Yukawa couplings, implies necessarily the breakdown of the GIM mech-

anism and the appearance of flavour changing neutral current (FCNC) transitions already

at the tree level. As these transitions are very strongly suppressed in nature, the presence of

FCNC processes in a given model at tree level could be problematic unless the new physics

(NP) scale is much larger than 1TeV or there is a protection mechanism for the FCNC

couplings. This is in particular the case for processes involving the external down-quarks,

like K0−K̄0, B0
d−B̄0

d , B0
s −B̄0

s mixings and rare K and B decays for which a large amount

of data already exists. On the other hand much less is known about the FCNC processes

involving up-quarks, but this situation will clear up in the LHC era.

Models with vector-like quarks have been considered extensively in the literature. An

excellent presentation of these models and of the machinery involved can be found in [1].

Moreover, del Aguila and collaborators analysed in a series of papers [2–4] the mixing

of vector-like quarks with ordinary quarks in the effective Lagrangian approach as was

performed by Buchmüller and Wyler in a more general analysis [5]. Integrating out these

new heavy fermions by means of equations of motion (EOM) at the tree level, del Aguila

et al. derived general expressions for the corrections to the V qq̄′ (V = Z,W±) and Hqq̄′

couplings that come from the mixing of heavy and ordinary quarks. In particular in [2] del

– 1 –
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Aguila and Santiago analysed the impact of KK fermion excitations on V qq̄′ couplings in

a RS model.

Now in RS models there is another mechanism for generating tree level FCNC tran-

sitions which is connected with the gauge sector. Indeed in these models the interactions

of ordinary quarks with the KK gauge bosons are non-universal in flavour and this non-

universality implies tree level FCNC processes mediated by these heavy gauge bosons.

Moreover, due to the mixing of these heavy gauge bosons with the SM Z boson in the pro-

cess of electroweak symmetry breaking (EWSB), also the Z couplings to quarks become

flavour non-universal implying in turn tree level FCNC processes mediated by the Z boson.

Also corrections to the CKM matrix including the violation of its unitarity come both from

the mixing in the gauge sector in question and from the mixing with KK fermions.

In two recent papers [6, 7] we have analysed particle-antiparticle mixing and rare

decays of K and B mesons in a particular RS model with an extended gauge group

SU(3)c × SU(2)L × SU(2)R × U(1)X × PLR . (1.1)

Thanks to the symmetries SU(2)R and PLR in this model the T parameter [8, 9] and the

coupling ZbLb̄L [10] are protected from new tree level contributions up to the small breaking

of the PLR symmetry on the UV brane. This allows to satisfy the very stringent electroweak

constraints with KK scales of order (2 − 3)TeV which are in the reach of the LHC. In [6]

we have pointed out that the custodial symmetry PLR together with appropriate fermion

representations automatically implies the protection of flavour violating Zdi
Ld̄

j
L couplings

so that tree level Z contributions to all processes in which the flavour changes appear in the

down quark sector are dominantly represented by Zdi
Rd̄

j
R couplings. Moreover, we found

in [7] that, for ∆F = 1 observables, these exchanges dominate over the exchanges of heavy

ZH and Z ′ present in this model. This has profound implications for the pattern of flavour

violation in rare K and B decays as discussed in detail in [7].

Our analysis in [6, 7] was performed in the approximation of neglecting the mixing of

ordinary quarks with the KK fermions, which, as discussed above, is another source of tree

level FCNC transitions in addition to the one from the gauge sector.

Our detailed analysis in the context of the RS model with custodial protection in

question shows that the impact of the mixing in the gauge sector on the SM gauge couplings

to quarks is definitely larger than the one coming from KK mixing. Only in the case of

charged left-handed currents involving the top quark, KK mixing can compete with the

mixing in the gauge sector and it is the sole effect in this model that is responsible for

the generation of the right-handed couplings of W±. In any case, in processes involving

external down quarks, the effects of mixing between ordinary quarks and KK fermions are

subleading and the approximation of neglecting these contributions made in [6, 7] seems

to be justified.

However, as we have only considered the effects of the lightest KK fermions it would be

of interest to see whether the summation of all KK fermion contribution would significantly

modify our findings.1 We postpone this to a future analysis.

1ThE summation over all KK fermion contributions was found to have a significant effect in the case of

flavour changing couplings of the Higgs boson[17].

– 2 –
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In our presentation it turned out to be useful not to use the general expressions for

the modified SM couplings in [2], but rather derive the corrections from mixing with KK

fermions directly. This in turn allowed us to discuss the impact of custodial protection on

this mixing more transparently than in our view could be done with the general formu-

lae in [2].2

In their original paper, del Aguila et al. found the effects from KK fermion mixing to be

potentially important, in particular in the so-called “conformal window”, while a compar-

ison with gauge boson mixing effects was not performed in their paper. Our present work

goes beyond their analysis in three ways. First, we perform our analysis in the phenomeno-

logically favoured RS model with custodial protection, being able to show analytically how

the cancellations implied by the custodial symmetry occur. Second, having at hand the

results of [6, 7] we perform a detailed comparison of the effects attributed to KK fermion

mixing and gauge boson mixing. Finally, again owing to our previous analyses we are in

the position to perform this comparison for a large set of actual parameter points that are

chosen to reproduce the SM masses and mixings and beyond that are consistent with the

available experimental constraints on ∆F = 2 and ∆F = 1 observables.

Our paper is organised as follows. In section 2 we present the fundamental Langrangian

involving new vector-like quarks in addition to the SM quarks in a form suitable for the

main goals of our paper. In section 3 we integrate out the heavy fermions by means of EOM.

The basic result of this section are the master formulae that express the heavy quark fields

in terms of the ordinary quark fields and the formulae summarising the shift in the light

quark fields necessary to bring their kinetic terms into canonical form. However, the main

formulae of our paper are collected in section 4, where we give general expressions for the

corrections to Z, W± and H couplings resulting from the mixing with heavy fermions that

have been integrated out. We would like to emphasise that these formulae are general and

can be applied to any extension of the SM that contains vector-like fermions. In section 5

we review the custodial protection of neutral Z and Z ′ couplings in the context of the RS

model analysed in detail in [6, 7, 11]. We generalise the discussion of these papers to SM

up-quarks couplings and note the protection of certain couplings involving KK-fermions.

In section 6 we apply the formalism of sections 2–4 to analyse the impact of KK-

fermions on the SM neutral couplings, that is of Z and H, in the context of the RS model

in question. Here we demonstrate explicitly that the custodial protection of section 5

remains intact in the presence of KK-fermions as expected on the basis of symmetry ar-

guments. In section 7 we analyse the impact of mixing in the gauge boson sector and of

the KK-fermions on the SM couplings of W±. In particular we discuss the violation of

unitarity of the CKM matrix and the corrections to its elements. We also investigate the

W± couplings to right-handed quarks that originate from the mixing of the SM quarks

with vector-like KK-fermions.

In section 8 the numerical analysis of all topics discussed in sections 5–7 is pre-

sented. Moreover, we analyse the accuracy of our formulae of section 4 that include only

2We have been informed by the authors of [2–4] that they confirmed our results for the effective quark

couplings of the Z boson using their approach.

– 3 –
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O(v2/M2
KK) corrections numerically. Here we also confront the size of the corrections to

the SM couplings from gauge boson mixing with the corrections from KK-mixing finding

the former dominant. We summarise the main results of our paper in section 9. In the

appendix we collect the couplings and charge factors that we use in sections 5–7.3

2 Fundamental Lagrangian

2.1 Preliminaries

We consider a theory which in addition to SM quarks contains N charge +2/3 heavy vec-

torial fermions and M charge −1/3 heavy vectorial fermions.4 Similarly to quarks these

fermions are put in triplet representations under SU(3)c and as quarks each of them appears

in three flavours. Suppressing the colour and flavour indices for the moment we introduce

the vectors

ΨT
L(2/3) =

(

uL, U
1
L, U

2
L, . . . , U

N
L

)

, (2.1)

ΨT
R(2/3) =

(

uR, U
1
R, U

2
R, . . . , U

N
R

)

, (2.2)

ΨT
L(−1/3) =

(

dL, D
1
L, D

2
L, . . . , D

M
L

)

, (2.3)

ΨT
R(−1/3) =

(

dR, D
1
R, D

2
R, . . . , D

M
R

)

, (2.4)

with uL,R and dL,R denoting SM quarks and U i
L,R and Di

L,R heavy quarks. All the entries

in (2.1)–(2.4) are three dimensional row vectors in the flavour space so that ΨL,R(2/3) have

3(N + 1) components while ΨL,R(−1/3) have 3(M + 1) components. Colour indices will

be always suppressed, while flavour indices will only be shown if necessary.

Our goal is to derive the corrections to the SM couplings of quarks to W±, Z and

the neutral Higgs boson H resulting from the mixing between the SM quarks and heavy

fermions after the latter have been integrated out and subsequently the SM electroweak

symmetry has been spontaneously broken. To this end it will be useful to decompose the

relevant fundamental Lagrangian into pure kinetic part, mass terms for heavy fermions

that are present before EWSB, Yukawa interaction and gauge interaction terms. As our

main application will involve the RS model analysed in detail in [11], we will adopt the

notation of this paper. Needless to say the formulation below applies to any other model

with the SM gauge group at low energies, one Higgs doublet, ordinary quarks and leptons

and heavy vector-like fermions as introduced above.

2.2 Kinetic terms

The kinetic terms for all the fermions in the theory are given as usual by

Lkin = Ψ̄L(2/3)i/∂ΨL(2/3) + Ψ̄R(2/3)i/∂ΨR(2/3)

+Ψ̄L(−1/3)i/∂ΨL(−1/3) + Ψ̄R(−1/3)i/∂ΨR(−1/3) . (2.5)

3It would be of interest to see how our results would be changed in a RS model without custodial

protection as studied by the authors of [12, 13]
4The following discussion is not affected by the presence of additional fermions with a different charge

than those of the SM as is the case for example in the RS model considered in [6, 7, 11].

– 4 –
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They are canonically normalised. However, as we will see in section 3, after the heavy

fermions have been integrated out and EWSB took place, the kinetic terms of ordinary

quarks in (2.5) will acquire corrections and we will have to bring them back to the canonical

form by properly redefining the ordinary quark fields.

2.3 Mass terms before EWSB

The mass terms of the fermions before EWSB in our theory are given by

L̃mass = −Ψ̄L(2/3)M̃(2/3)ΨR(2/3) − Ψ̄L(−1/3)M̃(−1/3)ΨR(−1/3) + h.c. . (2.6)

Here M̃(2/3) and M̃(−1/3) are 3(N + 1) × 3(N + 1) and 3(M + 1) × 3(M + 1) diagonal

matrices, respectively. The first three entries on the diagonal corresponding to SM quark

masses vanish at this stage, while the remaining entries are O(f) with f being the mass

scale of heavy fermions.

2.4 Yukawa interactions

For our purposes it will be sufficient to write the Yukawa interactions showing explicitly

only the lower component of the Higgs doublet that we denote by Φ. Then

LY = −Φ
[

Ψ̄L(2/3)Y(2/3)ΨR(2/3)

+ Ψ̄L(−1/3)Y(−1/3)ΨR(−1/3) + h.c.
]

. (2.7)

Here Y(2/3) and Y(−1/3) are 3(N + 1) × 3(N + 1) and 3(M + 1) × 3(M + 1) complex

matrices, respectively.

2.5 Neutral currents

The couplings of fermions to the linear combination of gauge fields that will be identified

with the Z boson after EWSB are described by the following neutral current

Jµ(Z) = Ψ̄L(2/3)γµA2/3
L (Z)ΨL(2/3)

+Ψ̄R(2/3)γµA2/3
R (Z)ΨR(2/3)

+Ψ̄L(−1/3)γµA−1/3
L (Z)ΨL(−1/3)

+Ψ̄R(−1/3)γµA−1/3
R (Z)ΨR(−1/3) . (2.8)

Here A2/3
L,R(Z) and A−1/3

L,R (Z) are again 3(N + 1) × 3(N + 1) and 3(M + 1) × 3(M + 1)

matrices, respectively.

In what follows it will be useful to work with the building blocks [AL,R(Z)]00,

[AL,R(Z)]ij, [AL,R(Z)]0j and [AL,R(Z)]i0 which are 3 × 3 matrices in flavour space. Here

the index 0 denotes the SM fermion, while the indices i, j denote the heavy fermions. These

matrices have the following properties [14]:

(i) [AL,R(Z)]00 and [AL,R(Z)]ii are non-zero diagonal matrices

(ii) [AL,R(Z)]ij = 0 for i 6= j

– 5 –
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(iii) [AL,R(Z)]i0 = [AL,R(Z)]0j = 0 .

It should be emphasised that as opposed to [11] the coupling matrices given above are

given still before electroweak symmetry breaking and some of their entries that were non-

vanishing in [11] because of the mixing of Z with other gauge bosons are absent now.

2.6 Charged currents

The couplings of fermions to the linear combination of gauge fields that will be identified

with the W± boson are described by the following charged current

Jµ(W+) = Ψ̄L(2/3)γµGL(W+)ΨL(−1/3)

+Ψ̄R(2/3)γµGR(W+)ΨR(−1/3) , (2.9)

where GL,R(W+) are this time 3(N + 1) × 3(M + 1) matrices. Again, formula (2.9) is

written before EWSB and the properties (i)–(iii) given above are valid for the building

blocks [GL,R(W+)]00, [GL,R(W+)]ij, [GL,R(W+)]0j and [GL,R(W+)]i0. In particular, we

have [GR(W+)]00 = 0 since in the SM W± does not couple to right-handed quarks.

3 Integrating out heavy fermions and EWSB

Having at hand all the relevant terms in the fundamental Lagrangian, we can construct

the low-energy theory which involves only SM quark and gauge boson fields and the Higgs

field. There are several methods for achieving this goal. As in the present paper we are

only interested in corrections to the SM couplings we have found it to be most convenient

to integrate out the heavy fermions at tree level by using their EOM. Inserting the solution

for these equations in our fundamental Lagrangian and expanding in powers of 1/f results

in the effective Lagrangian of which the D = 4 part is the SM Lagrangian and the D = 6

part is the one we are interested in. Performing then EWSB implies the replacement

Φ =
1√
2

[v +H] , (3.1)

where H denotes the physical neutral Higgs and v = 246GeV is the vacuum expectation

value of
√

2Φ. Making this replacement in the effective Lagrangian allows to find the

corrections to the SM couplings that result from the mixing with heavy vector-like fermions.

As this procedure is well known [3, 15], we think that instead of presenting the details

of this derivation it is more novel to find a recipe for finding the corrections in question

directly from our fundamental Lagrangian of section 2.

To this end we introduce

Lmass = −Ψ̄L(2/3)M(2/3)ΨR(2/3) − Ψ̄L(−1/3)M(−1/3)ΨR(−1/3) + h.c. . (3.2)

Here M(2/3) and M(−1/3) are 3(N + 1) × 3(N + 1) and 3(M + 1) × 3(M + 1) matrices,

respectively. They are constructed by adding the L̃mass in (2.6) and the mass terms resulting

from the Yukawa Lagrangian in (2.7) after EWSB took place.

– 6 –
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In what follows it will be useful to work with the building blocks of these matrices,

M00(2/3), M0i(2/3), Mi0(2/3), Mij(2/3) (i, j = 1, . . . , N) and M00(−1/3), M0i(−1/3),

Mi0(−1/3), Mij(−1/3) (i, j = 1, . . . ,M), that are 3×3 matrices in flavour space and where

M00(2/3) and M00(−1/3) denote the mass matrices of ordinary quarks in the absence of

the heavy fermions U i
L,R and Di

L,R.

The matrices M(2/3) and M(−1/3) are complex and non-diagonal and have the fol-

lowing properties:

1. Mkk = O(f) where f ≫ v is the mass scale of the heavy fermions

2. M00 = O(v)

3. Mij with i 6= j are O(v) but could also vanish

4. M0k and Mk0 are generally O(v) but if M0k 6= 0 then Mk0 = 0 and vice versa. This

follows from the known property that only one of the chiralities of each vector-like

fermion couples to the SM quarks through mass terms [14].

In order to have a more transparent structure of resulting expressions we denote the

3 × 3 matrices with j = k simply as

Mkk(2/3) ≡Mk(2/3) , Mkk(−1/3) ≡Mk(−1/3) . (3.3)

Then the solution to the EOM can be written before EWSB for the −1/3 charge heavy

fields as follows

Dk
L = −

[

M−1
k ΦY †

0k −M−1
k ΦY †

jkM
−1
j ΦY †

0j

]

dL , (3.4)

Dk
R = −

[

M−1
k ΦYk0 −M−1

k ΦYkjM
−1
j ΦYj0

]

dR , (3.5)

where we dropped on the r.h.s. terms that do not affect our final formulae. Here Yij are

3 × 3 submatrices of Y(−1/3) related to the submatrices Mij(−1/3) as follows

Mij(−1/3) =
v√
2
Yij . (3.6)

Analogous formulae for the +2/3 charge heavy fields exist.

Having all these formulae at hand we are in the position to present a recipe for finding

corrections to the SM couplings at order v2/f2 directly from the fundamental Lagrangian

supplemented by the information contained in (3.2). Concentrating then first on fermion-

gauge boson couplings we just set Φ = v√
2
. This results in the following steps of our

recipe.

Step 1. Express the heavy fields in terms of the light ones. For the −1/3 charge fields

we have, using (3.4) and (3.5)

Dk
L = −

[

M−1
k M †

0k −M−1
k M †

jkM
−1
j M †

0j

]

dL , (3.7)

Dk
R = −

[

M−1
k Mk0 −M−1

k MkjM
−1
j Mj0

]

dR , (3.8)

– 7 –
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where the summation over (k, j) indices with k 6= j is understood and all mass matrices are

for the down-quarks. The analogous formulae apply to up-quarks with Mij(−1/3) replaced

by Mij(2/3). As we do not indicate in our notation that Mkj are matrices and Dk
L and dL

are three dimensional vectors in flavour space, in order to avoid confusion let us just state

with an example that M †
jk stands for the hermitian conjugate of the 3×3 matrix Mjk. The

terms on the r.h.s. of (3.7) and (3.8) are O (v/f) and O
(

v2/f2
)

.

Step 2. Redefine the SM fields to bring their kinetic terms into canonical form. In the

case of the SM down quark fields this amounts to the replacements

dL →
(1− 1

2
M0kM

−2
k M †

0k

)

dL , (3.9)

dR →
(1− 1

2
M †

k0M
−2
k Mk0

)

dR , (3.10)

with analogous redefinitions for the up-quark fields.

Indeed inserting (3.7) and (3.8) into the kinetic terms of the heavy fields in (2.5) we

find that the light quark kinetic terms are no longer canonically normalised. Keeping only

the leading v2/f2 terms, the canonical form of the kinetic terms is recovered after the

transformations given in Step 2. The fields on the r.h.s. of (3.9) and (3.10) have now

canonically normalised kinetic terms.

These two steps allow to derive directly the corrections to the SM fermion-gauge

couplings. In order to derive the Higgs-fermion couplings, we have to generalise Step 1

by inserting the full expression for Φ in (3.1) into (3.4) and (3.5). The results will be

given in section 4.3.

This completes the integrating out of heavy fermions from the low energy theory which

contains in addition to SM gauge fields and the neutral Higgs only the SM fermion fields.

What remains to be done is to insert the expressions (3.7) and (3.8), similar expressions

involving H and the corresponding expressions for the up-quarks into the fundamental

Lagrangian supplemented by (3.2) and to perform the redefinitions of the fields as given

by (3.9) and (3.10). The results are the O(v2/f2) corrections to the light fermion mass

matrices, gauge couplings and Higgs couplings that we will summarise in the next section.

We would like to emphasise that the redefinitions of the light fields in question are

essential to obtain the correct effective couplings of quarks to gauge bosons and the Higgs.

In particular, omitting them would spoil the custodial protection of various couplings as

we will demonstrate below.

4 Corrections to SM mass matrices and the Z, W
±, H couplings to SM

fermions

Proceeding along the steps outlined in the previous section it is straightforward to calculate

the impact of heavy fermions on the masses and couplings of light fermions. Therefore we

present only the final results. The application to the RS model considered in [11] will be

performed in the following sections.
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4.1 Mass matrices

For the mass matrices of down- and up-quarks, as defined in (3.2) but with heavy fields

removed, we find the general expression (k 6= j)

M = M00 +M0kM
−1
k MkjM

−1
j Mj0

−1

2

[

M0kM
−2
k M †

0kM00 +M00M
†
k0M

−2
k Mk0

]

, (4.1)

with the first correction originating from the pure heavy mass terms and the second

correction containing M00 from the redefinitions of the light quark fields. Here and

in the following formulae (4.2)–(4.5), (4.8)–(4.11) and (4.21) summation over repeated

indices is understood.

4.2 Couplings to gauge bosons

For the couplings to neutral gauge bosons as defined in (2.8) but with heavy fermions

removed we find

AL(Z) = [AL(Z)]00 +M0kM
−1
k [AL(Z)]kk M

−1
k M †

0k

−1

2
M0kM

−2
k M †

0k [AL(Z)]00

−1

2
[AL(Z)]00M0kM

−2
k M †

0k , (4.2)

AR(Z) = [AR(Z)]00 +M †
k0M

−1
k [AR(Z)]kk M

−1
k Mk0

−1

2
M †

k0M
−2
k Mk0 [AR(Z)]00

−1

2
[AR(Z)]00M

†
k0M

−2
k Mk0 . (4.3)

These formulae apply to both charge +2/3 and −1/3 quarks with appropriate use of
[

A
2/3
L,R(Z)

]

αβ
or

[

A
−1/3
L,R (Z)

]

αβ
couplings, respectively, and similarly for the mass matri-

ces, where (α, β = 0, i).

For the couplings to charged gauge bosons as defined in (2.9) we find

GL(W+) =
[

GL(W+)
]

00
+M0k(2/3)M

−1
k (2/3)

[

GL(W+)
]

kk
M−1

k (−1/3)M †
0k(−1/3)

−1

2
M0k(2/3)M

−2
k (2/3)M †

0k(2/3)
[

GL(W+)
]

00

−1

2

[

GL(W+)
]

00
M0k(−1/3)M−2

k (−1/3)M †
0k(−1/3) , (4.4)

GR(W+) = M †
k0(2/3)M

−1
k (2/3)

[

GR(W+)
]

kk
M−1

k (−1/3)Mk0(−1/3) . (4.5)

We note that the equations (4.2)–(4.4) have the same structure. The first corrections

on the r.h.s. originate in the interactions of the heavy fermion fields with the SM gauge

bosons and the remaining terms in these equations are the consequence of the redefinitions

of the light fields given in (3.9) and (3.10).

An exception is the coupling GR(W+) which vanishes at the leading order so that the

redefinitions of the light fields do not matter at order v2/f2.
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4.3 Couplings to the Higgs boson

The fermion-Higgs couplings can be summarised by

LY = − H√
2

[

ūLY (2/3)uR + d̄LY (−1/3)dR + h.c.
]

, (4.6)

with

Y = Y1 + Y2 . (4.7)

Here Y1 is obtained directly from terms involving no derivatives, while Y2 results from

terms involving derivatives ∂µH, /∂uL,R and /∂dL,R.

We begin with Y1. Using the notation Y00, Y0j, Yj0, Yij for the 3 × 3 sub-matrices

of Y(2/3) and Y(−1/3) in (2.7) we find for both up- and down-quark Yukawa couplings

(Y (2/3) and Y (−1/3) respectively) the common expression

Y1 = Y00 +M0kM
−1
k YkjM

−1
j Mj0

−1

2

[

M0kM
−2
k M †

0kY00 + Y00M
†
k0M

−2
k Mk0

]

+Y0kM
−1
k MkjM

−1
j Mj0 +M0jM

−1
j MjkM

−1
k Yk0 , (4.8)

where for the up-quarks Y00(2/3), Mij(2/3) etc. should be inserted on the r.h.s. of this

formula, and Y00(−1/3), Mij(−1/3) etc. for the down-quarks, respectively.

Next, working with the expressions (3.4), (3.5) that are given before EWSB and the

corresponding expressions for the up-quarks we find that there are also terms involving

derivatives of either the light quark fields or the Higgs boson contributing to the Higgs

coupling. For these couplings involving ∂µqL,R and ∂µH we obtain (q = u, d)

Lder. =
1√
2
(i∂µH)

[

q̄Lγ
µM0kM

−2
k Y †

0kqL + q̄Rγ
µM †

k0M
−2
k Yk0qR

]

+
√

2H
[

q̄LM0kM
−2
k Y †

0k(i/∂qL) + q̄RM
†
k0M

−2
k Yk0(i/∂qR)

]

, (4.9)

where for the up-quarks M00(2/3), Mij(2/3) etc. should be inserted on the r.h.s. of this

formula, and M00(−1/3), Mij(−1/3) etc. for the down-quarks, respectively.

Integrating by parts the terms in the first line of (4.9) and employing the EOM for the

SM quarks then yields

Lder. =
1√
2
H

[

q̄RM
†
00M0kM

−2
k Y †

0kqL + q̄LM0kM
−2
k Y †

0kM00qR

+ q̄LM00M
†
k0M

−2
k Yk0qR + q̄RM

†
k0M

−2
k Yk0M

†
00qL

]

, (4.10)

implying

Y2 = −M0kM
−2
k M †

0kY00 − Y00M
†
k0M

−2
k Mk0 . (4.11)
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4.4 Going to the quark mass eigenstate basis

The formulae (4.1)–(4.5), (4.8) ad (4.11) are still given for quarks in the flavour basis.

In order to find the corresponding formulae for the quark mass eigenstates we have to

diagonalise the mass matrices M(Q), (Q = −1/3, 2/3) in (4.1),

Mdiag(−1/3) = D†
LM(−1/3)DR , (4.12)

Mdiag(2/3) = U†
LM(2/3)UR . (4.13)

Then the mass eigenstates are given by

(dL,R)mass = D†
L,R dL,R , (4.14)

(uL,R)mass = U†
L,R uL,R . (4.15)

In the mass eigenstate basis the neutral couplings read
[

A
−1/3
L,R (Z)

]

mass
= D†

L,RA
−1/3
L,R (Z)DL,R , (4.16)

[

A
2/3
L,R(Z)

]

mass
= U†

L,RA
2/3
L,R(Z)UL,R . (4.17)

For the charged couplings we find

[

GL,R(W+)
]

mass
= U†

L,RGL,R(W+)DL,R . (4.18)

For the Higgs couplings we have in analogy to (4.12) and (4.13)

Y −1/3
mass = D†

L Y
−1/3 DR , (4.19)

Y 2/3
mass = U†

L Y
2/3 UR . (4.20)

The formulae (4.16)–(4.20) together with (4.2)–(4.5), (4.8) and (4.11) are the main

model independent results of the present paper. They summarise the couplings of SM

quarks to W±, Z and the Higgs after the inclusion of O(v2/f2) corrections from the

mixing of these quarks with heavy vector-like fermions. It should be emphasised that these

formulae are valid for both flavour diagonal and non-diagonal couplings of Z and H to SM

quarks. However, the formulae for the non-diagonal Higgs couplings simplify in the mass

eigenstate basis as the first four terms on the r.h.s. of (4.8) have the same flavour structure

as M in (4.1) and consequently are diagonalised when going to the mass eigenstate basis.

Combining (4.8) and (4.11) we consequently find

[

Y −1/3
mass

]

non-diag
= D†

L

[

Y0kM
−1
k MkjM

−1
j Mj0 +M0jM

−1
j MjkM

−1
k Yk0

−M0kM
−2
k M †

0kY00 − Y00M
†
k0M

−2
k Mk0

]

DR

= −2D†
LY00DR , (4.21)

and similarly for the up-quarks.

As the diagonalising matrices DL,R differ from the ones that diagonalise Y00 flavour

changing neutral Higgs-fermion interactions are generated at O(v2/f2).
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5 Custodial protection of neutral couplings in explicit terms

5.1 Preliminaries

Before we apply our formalism to the RS model with the fermion representations of [11], it

will be useful to recall first the basis of the custodial protection of Z-couplings developed

in [10], and its generalisation to flavour violating left-handed down-quark couplings of Z

demonstrated in [6, 7]. In this context we will point out that this kind of protection is also

valid for the flavour-conserving and flavour-violating right-handed up-quark couplings.

The couplings of a given fermion F to the Z boson are protected if this fermion is an

eigenstate of PLR. This implies the following condition [10] for the quantum numbers of F

under the gauge group (1.1)

TL = TR , T 3
L = T 3

R (PLR) . (5.1)

The authors of [10] have also noticed that for a fermion with TL 6= TR satisfying

T 3
L = T 3

R = 0 (PC) (5.2)

its Z-couplings are also protected. This time a discrete subgroup of the custodial SU(2)V ,

denoted by PC , is responsible for this protection. In table 1 we recall the quantum numbers

Q, TL,R and T 3
L,R of the SM quarks. In table 2 these quantum numbers for the left-handed

KK-fermions in the model of [11] are summarised. The right-handed KK-fermions have

the same quantum numbers except for reversed BCs.

In [10] only the Zbb̄ coupling has been discussed. However, when the fermions of each

flavour are put into the same representations, the PLR and PC symmetries are also active

for flavour violating couplings of Z. This has been pointed out in [6, 7] for left-handed

couplings of down-quarks relevant for the phenomenology in [6, 7]. Here we emphasise that

also some right-handed couplings can be protected in this manner.

Indeed, the inspection of tables 1 and 2 in conjunction with (5.1) and (5.2) reveals the

protection of the following Z couplings:

1. left-handed couplings of SM down-quarks

2. right-handed couplings of SM up-quarks

3. couplings of χui

L,R

4. couplings of U ′i
L,R and of U ′′i

L,R .

It should be noted that whereas the protection in 1.-3. follows from (5.1), the last protection

is guaranteed by (5.2).

In what follows we would like to inspect this protection in explicit terms by analysing

flavour violating couplings of Z generated at O(v2/M2
KK) through the mixing of Z with

neutral KK-gauge bosons. While for the left-handed SM couplings this has already been

demonstrated in [6, 7], the analogous presentation for right-handed SM quark couplings

and the couplings of KK-fermions is new.
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Field Charge Q Isospin T 3
L Isospin T 3

R

q
ui(0)
L (++) 2

3
1
2 −1

2

q
di(0)
L (++) −1

3 −1
2 −1

2

ui
R(++) 2

3 0 0

Di
R(++) −1

3 0 −1

Table 1. SM quark content of the theory.

To this end and also for our discussion of the effects of KK-fermions on the SM gauge

couplings it will be useful to recall two charge factors for a fermion F with isospins T 3
L and

T 3
R and electric charge Q introduced in [11]:

g4D
Z (F ) =

g4D

cosψ

[

T 3
L − (sinψ)2Q

]

, (5.3)

κ4D(F ) =
g4D

cosφ

[

T 3
R − (Q− T 3

L) sin2 φ
]

, (5.4)

where g4D
Z (F ) and κ4D(F ) denote the couplings of F to the Z(0),(1) and Z

(1)
X gauge bosons,

respectively. The angles ψ and φ are related by

cosψ =
1

√

1 + sin2 φ
, sinψ =

sinφ
√

1 + sin2 φ
. (5.5)

Starting from these general equations it is straightforward to compute the charge

factors for the down quarks, using the quantum numbers given in tables 1 and 2. The

results for g4D
Z,L(d), g4D

Z,R(d), κ4D
1 (d) and κ4D

5 (d) have been collected in the appendix, where

the charge factors for the up quarks g4D
Z,L(u), g4D

Z,R(u), κ4D
1 (u) and κ4D

3 (u) can also be found.

As we will see below the “magic” formula

g4D
Z (F ) − cosφ cosψκ4D(F ) = 0 (5.6)

summarises compactly all protections discussed in this section. Indeed, using (5.3), (5.4)

and tables 1 and 2, we verify that the protected couplings listed in 1.-4. do satisfy (5.6).

In the remainder of this section we will demonstrate that in the approximation of

neglecting the violation of PLR and PC symmetries through boundary conditions on the

UV brane, all protected couplings are proportional to the “magic” combination on the

l.h.s. of (5.6).

5.2 The flavour non-diagonal Zdi
L,Rd̄

j
L,R couplings

The couplings of Z to down-quarks in the absence of mixing with KK fermions are given

up to an irrelevant factor −i by [11]

∆ij
L,R(Z) =

M2
Z

M2
KK

[

−I+
1 ∆ij

L,R(Z(1)) + I−
1 cosφ cosψ∆ij

L,R(Z
(1)
X )

]

. (5.7)
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Field Charge Q Isospin T 3
L Isospin T 3

R

χui

L (−+) 5
3

1
2

1
2

χdi

L (−+) 2
3 −1

2
1
2

qui

L (++) 2
3

1
2 −1

2

qdi

L (++) −1
3 −1

2 −1
2

ui
L(−−) 2

3 0 0

ψ′i
L(+−) 5

3 1 0

ψ′′i
L (+−) 5

3 0 1

U ′i
L(+−) 2

3 0 0

U ′′i
L (+−) 2

3 0 0

D′i
L(+−) −1

3 −1 0

Di
L(−−) −1

3 0 −1

Table 2. Heavy quark content of the theory. We show only the left-handed quarks as the quantum

numbers of the the right-handed heavy quarks are the same and only their parities on the boundaries

have to be reversed.

All the ingredients of this equation are defined in appendix A of [7]. We only recall that

I+
1 = I−

1 (5.8)

up to the different boundary conditions of the shape functions of the gauge eigenstates Z(1)

and Z
(1)
X on the UV brane. Moreover, ∆ij

L,R(Z(1)) and ∆ij
L,R(Z

(1)
X ) are the elements of the

3 × 3 coupling matrices

∆̂L,R(V ) = D†
L,Rε̂L,R(V )DL,R

(

V = Z(1), Z
(1)
X

)

, (5.9)

with DL and DR being the left- and right-handed down-type flavour mixing matrices that

are used to diagonalised the down-quark mass matrices as already stated in (4.12). ε̂L,R(V )

are diagonal coupling matrices. The diagonal 3×3 matrices ε̂L,R(V ) are given, up to again

different boundary conditions for the shape functions of Z(1) and Z
(1)
X on the UV brane,

by a universal diagonal 3 × 3 matrix multiplied by a flavour independent charge factor

that distinguishes L from R and Z(1) from Z
(1)
X couplings. Thus in the approximation of

neglecting the difference in the boundary conditions, as already done in (5.8), we can write5

∆ij
L (Z) = F ij

L (Z)
[

−g4D
Z,L(d) + cosφ cosψκ4D

1 (d)
]

, (5.10)

∆ij
R(Z) = F ij

R (Z)
[

−g4D
Z,R(d) + cosφ cosψκ4D

5 (d)
]

. (5.11)

The functions F ij
L,R are given by

F ij
L (Z) =

M2
Z

M2
KK

I+
1

L
(DL)∗ki (DL)kj

∫

eky
[

f
(0)
L (y, ck1)

]2
g(y)dy , (5.12)

F ij
R (Z) =

M2
Z

M2
KK

I+
1

L
(DR)∗ki (DR)kj

∫

eky
[

f
(0)
R (y, ck3)

]2
g(y)dy , (5.13)

5Note that this approximation is only valid for off-diagonal terms in ∆̂L,R(Z).
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where g(y) denotes the shape function of the first KK-excitation of a gauge boson with

(++) boundary condition, and f
(0)
L , f

(0)
R are the shape functions of the SM down-quarks.

It is evident from the couplings and charge factors given in the appendix and

from (5.5) that we have

g4D
Z,L(d) − cosφ cosψκ4D

1 (d) = 0 , (5.14)

which signals the protection of the Zdi
Ld̄

j
L couplings. On the other hand, the Zdi

Rd̄
j
R cou-

plings are not protected as the two terms in parentheses in (5.11) do not cancel each other.

5.3 The flavour non-diagonal Zui
L,Rū

j
L,R couplings

The couplings Zui
L,Rū

j
L,R have the same structure as Zdi

L,Rd̄
j
L,R and differ from them only

through new overlap integrals, resulting inH ij
L,R(Z) in place of F ij

L,R(Z) in (5.10) and (5.11),

and charge factors. Consequently we find

∆̃ij
L (Z) = H ij

L (Z)
[

−g4D
Z,L(u) + cosφ cosψκ4D

1 (u)
]

, (5.15)

∆̃ij
R(Z) = H ij

R (Z)
[

−g4D
Z,R(u) + cosφ cosψκ4D

3 (u)
]

, (5.16)

where H ij
L,R(Z) are given as follows:

H ij
L (Z) =

M2
Z

M2
KK

I+
1

L
(UL)∗ki (UL)kj

∫

eky
[

f
(0)
L (y, ck1)

]2
g(y)dy , (5.17)

H ij
R (Z) =

M2
Z

M2
KK

I+
1

L
(UR)∗ki (UR)kj

∫

eky
[

f
(0)
R (y, ck2)

]2
g(y)dy . (5.18)

Using the general expressions for the charge factors (5.3), (5.4) and the quantum

numbers for the up-quarks in table 1 (or simply the explicit formulae given in the

appendix), we find

g4D
Z,R(u) − cosφ cosψκ4D

3 (u) = 0 , (5.19)

which signals the protection also of the Zui
Rū

j
R couplings. On the other hand, the Zui

Lū
j
L

couplings are not protected as the two terms in parentheses in (5.15) do not cancel each

other. We will return to both couplings in section 8.

Proceeding in the same manner one can show that also the (vector-like) flavour diagonal

and off-diagonal couplings of Z to the charge 5/3 quarks χui

L,R and to the charge 2/3 quarks

U ′i
L,R and U ′′i

L,R (see table 2) are protected by the custodial symmetry. Indeed the coupling

of these three fields to the Z boson is proportional again to the “magic” combination

in (5.6) which vanishes for all the three fields as we have already mentioned above. The

charge factors of these fields are given explicitly in the appendix.

5.4 Couplings of ZH and Z ′ to SM quarks

It will also be of interest to have a brief look at ZH and Z ′ couplings to SM quarks. Neglect-

ing the mixing with KK fermions, the couplings of ZH and Z ′ to down-quarks are given by

∆̂L,R(ZH) = cos ξ∆̂L,R(Z(1)) + sin ξ∆̂L,R(Z
(1)
X ) , (5.20)

∆̂L,R(Z ′) = − sin ξ∆̂L,R(Z(1)) + cos ξ∆̂L,R(Z
(1)
X ) , (5.21)
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with cos ξ and sin ξ given explicitly in [11]. In the limit of exact PLR symmetry one has

cos ξ

sin ξ
= cosφ cosψ , (5.22)

and with (5.8), the formula (5.21) for ∆̂ij
L (Z ′) reduces to ∆ij

L (Z) in (5.7) up to an overall

factor. Consequently, both flavour diagonal and non-diagonal Z ′ couplings to left-handed

down-quarks are protected. Analogous considerations using the relevant couplings given

in the appendix show that the right-handed couplings of down-quarks are not protected

by the PLR symmetry. This is also the case for all the ZH couplings to down-quarks.

If we perform exactly the same type of analysis for the couplings of ZH and Z ′ to the

SM up-quarks, we discover that6

ˆ̃∆R(Z ′) ∼ −g4D
Z,R(u) sin ξRi

2
00

(++)R + κ4D
3 (u) cos ξ Pi

2
00

(++)R , (5.23)

ˆ̃∆L(Z ′) ∼ −g4D
Z,L(u) sin ξRi

1
00

(++)L + κ4D
1 (u) cos ξ Pi

1
00

(++)L , (5.24)

with Ri
k

nm
(++)L,R and Pi

k
nm

(++)L,R given by

Ri
k

nm
(BC)L,R =

1

L

∫ L

0
dy ekyf

(n)
L,R(y, cik, BC)f

(m)
L,R(y, cik, BC) g(y) , (5.25)

Pi
k

nm
(BC)L,R =

1

L

∫ L

0
dy ekyf

(n)
L,R(y, cik, BC)f

(m)
L,R(y, cik, BC) g̃(y) , (5.26)

where g̃(y) and g(y) are the shape functions of the gauge bosons with (−+) and (++) BC,

respectively, and f
(n)
L,R of the KK-fermions.

The corresponding couplings to ZH are simply obtained from (5.23) and (5.24) with

the prescription cos ξ → sin ξ, sin ξ → − cos ξ [11].

In the limit of exact PLR symmetry the relation (5.22) holds, in addition to

Ri
k

00
(++)L,R = Pi

k
00

(++)L,R . (5.27)

Using the charge factors of the up-quarks given in the appendix, it is straightforward

to see that also the diagonal and non-diagonal couplings of Z ′ to right-handed up-quarks

are protected. Analogous considerations show that the left-handed couplings of up-quarks

are not protected. The same holds for all the couplings of ZH to up-quarks.

Based on analogous considerations we can conclude that also the couplings of Z ′ with

U ′
L,R, U ′′

L,R and χui

L,R are protected by the custodial symmetry.

6 Impact of KK fermions on neutral couplings

6.1 Preliminaries

In this section we will analyse the impact of KK fermions on the couplings of Z, demon-

strating explicitly that the protection of Zdi
Ld̄

j
L and Zui

Rū
j
R is maintained even in the

6Here the same notation as in [11] is adopted.
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(0,0) (1,1) (2,2) (3,3)

A
−1/3
L g4D

Z,L(d) g4D
Z,L(d) g4D

Z (D′) g4D
Z,R(d)

A
−1/3
R g4D

Z,R(d) g4D
Z,L(d) g4D

Z (D′) g4D
Z,R(d)

Table 3. Weak charges in the coupling matrices of down-quarks to the Z gauge boson.

presence of KK contributions. This is to be expected, as the fermion representations are

symmetric under PLR, and above all dL and uR are PLR-eigenstates. Still it is instruc-

tive to inspect this protection in explicit terms. We will also calculate the impact of KK

fermions on the right-handed couplings Zdi
Rd̄

j
R and also on Zui

Lū
j
L. As these couplings are

not protected by the PLR symmetry, also the effect of KK fermions, in particular in the

case of the top-quark couplings, will be significant.

6.2 Impact of KK fermions on Zdid̄j couplings

In sections 5.2 and 5.3 we gave the flavour off-diagonal entries in the coupling of Z to

up- and down-quarks stemming from the mixing of neutral gauge bosons. We will next

evaluate (4.2) and (4.3) in the model considered in [11], that comprise the effects of mixing

of SM quarks with KK-quarks. Both these effects that lead to flavour off-diagonal entries

in the Z coupling matrices are of order O(v2/M2
KK) and can hence be analysed separately.

To evaluate (4.2) and (4.3) we recall the specific form of the fields (2.3) and (2.4) in the

notation of [11],

ΨT
L(−1/3) =

(

q
di(0)
L , qdi

L , D
′i
L, D

i
L

)

, (6.1)

ΨT
R(−1/3) =

(

D
i(0)
R , qdi

R , D
′i
R, D

i
R

)

. (6.2)

The non-vanishing block-matrices
[

A
−1/3
L (Z)

]

kj
,

[

A
−1/3
R (Z)

]

kj
and

[

A
−1/3
L,R (Z)

]

00
are

collected in table 3. All these matrices are proportional to the 3 × 3 unit matrix and we

list only the overall factors that are flavour independent and represent the relevant weak

charges that can be easily computed using equation (5.3) together with the quantum

numbers of table 2 and are given in the appendix. The vector-like couplings of heavy

fermions should be noted. Using (4.2) we first find

A
−1/3
L (Z) = g4D

Z,L(d)1
+

(

g4D
Z (D′) − g4D

Z,L(d)
)

M02
1

M2
2

M †
02

+
(

g4D
Z,R(d) − g4D

Z,L(d)
)

M03
1

M2
3

M †
03 , (6.3)

where for the mass matrix elements Mij = Mij(−1/3) are given in (4.16) of [11]. Evidently,

the terms involving M1 cancelled each other as a consequence of
[

A
−1/3
L

]

00
=

[

A
−1/3
L

]

11
.

With (A.1), (A.2) and (A.15) we finally find

A
−1/3
L (Z) = g4D

Z,L(d)1+
1

2

g4D

cosψ

(

M03
1

M2
3

M †
03 −M02

1

M2
2

M †
02

)

. (6.4)
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In the limit of PLR being an exact symmetry PLR(D) = D′ holds and as a consequence we

have |M03| = |M02|, M3 = M2 which guarantees that the O(v2/M2
KK) correction to the

coupling A
2/3
L (Z) vanishes, expressing the protection of Zdi

Ld̄
j
L in the presence of mixing

with KK fermions.

On the other hand using (4.3) we first find

A
−1/3
R (Z) = g4D

Z,R(d)1
+

(

g4D
Z,L(d) − g4D

Z,R(d)
)

M †
10

1

M2
1

M10

+
(

g4D
Z (D′) − g4D

Z,R(d)
)

M †
20

1

M2
2

M20 . (6.5)

This time the terms involving M3 cancel each other as a consequence of
[

A
−1/3
R

]

00
=

[

A
−1/3
R

]

33
. Using (A.1), (A.2) and (A.15) we then find

A
−1/3
R (Z) = g4D

Z,R(d)1− g4D

cosψ

(

1

2
M †

10

1

M2
1

M10 +M †
20

1

M2
2

M20

)

. (6.6)

Now the terms O(v2/M2
KK) do not cancel each other and the mixing of SM quarks with

KK fermions has an impact on right-handed down-quark couplings to Z.

6.3 Impact of KK fermions on Zuiūj couplings

In this section, analogous to section 6.2, we evaluate (4.2) and (4.3) in the model considered

in [11], this time for the couplings to up-quarks.7 The specific form of the fields (2.1)

and (2.2) in the notation of [11] is given by

ΨT
L(2/3) =

(

q
ui(0)
L , qui

L , U
′i
L , U

′′i
L , χ

di

L , u
i
L

)

, (6.7)

ΨT
R(2/3) =

(

u
i(0)
R , qui

R , U
′i
R, U

′′i
R , χ

di

R , u
i
R

)

. (6.8)

The non-vanishing
[

A
2/3
R (Z)

]

kj
,

[

A
2/3
R (Z)

]

kj
and

[

A
2/3
L,R(Z)

]

00
are collected in table 4.

Again, all these matrices are proportional to the 3 × 3 unit matrix and we list only the

overall factors that are flavour independent and represent the relevant weak charges. The

vector-like couplings of heavy fermions again can be obtained using equations (5.3) together

with table 2 and are given in the appendix.

Using (4.3) we first find

A
2/3
R (Z) = g4D

Z,R(u)1
+

(

g4D
Z,L(u) − g4D

Z,R(u)
)

M †
10

1

M2
1

M10

+
(

g4D
Z (χd) − g4D

Z,R(u)
)

M †
40

1

M2
4

M40 , (6.9)

7The protection of the right-handed up-quark diagonal coupling by the PLR symmetry has been previ-

ously considered in [16].

– 18 –



J
H
E
P
0
9
(
2
0
0
9
)
0
7
6

(0,0) (1,1) (2,2) (3,3) (4,4) (5,5)

A
2/3
L g4D

Z,L(u) g4D
Z,L(u) g4D

Z (U ′) g4D
Z (U ′′) g4D

Z (χd) g4D
Z,R(u)

A
2/3
R g4D

Z,R(u) g4D
Z,L(u) g4D

Z (U ′) g4D
Z (U ′′) g4D

Z (χd) g4D
Z,R(u)

Table 4. Weak charges in the coupling matrices of up-quarks to the Z gauge boson.

where this time the mass matrix elements Mij = Mij(2/3) are given in (4.15) of [11]. Note

that the terms in the above expression are related by the custodial parity PLR, which acts

on the quark fields as PLR(qu) = χd, PLR(u) = u, and also ensures that |M10| = |M40| and

M1 = M4, up to small symmetry breaking effects by the BCs on the UV brane. With the

explicit charge factors given in the appendix we finally find

A
2/3
R (Z) = g4D

Z,R(u)1+
1

2

g4D

cosψ

(

M †
10

1

M2
1

M10 −M †
40

1

M2
4

M40

)

. (6.10)

In the limit |M10| = |M40|, M1 = M4, the O(v2/M2
KK) correction to the coupling A

2/3
R (Z)

vanishes, expressing the protection of Zui
Rū

j
R in the presence of mixing with KK fermions.

On the other hand, using (4.2) we first find

A
2/3
L (Z) = g4D

Z,L(u)1
+

(

g4D
Z (U ′) − g4D

Z,L(u)
)

M02
1

M2
2

M †
02

+
(

g4D
Z (U ′′) − g4D

Z,L(u)
)

M03
1

M2
3

M †
03

+
(

g4D
Z,R(u) − g4D

Z,L(u)
)

M05
1

M2
5

M †
05 . (6.11)

This time the terms in (6.11) are not related by the custodial parity PLR. Using the explicit

charge factors given in the appendix we find then

A
2/3
L (Z) = g4D

Z,L(u)1− 1

2

g4D

cosψ

(

M02
1

M2
2

M †
02 +M03

1

M2
3

M †
03 +M05

1

M2
5

M †
05

)

. (6.12)

Now the terms O(v2/M2
KK) do not cancel each other and the mixing of SM quarks with

KK fermions has an impact on the left-handed up-quark couplings to Z.

6.4 Higgs couplings

We next evaluate the corrections to the off-diagonal couplings of the Higgs boson with

down-quarks in (4.21) using the mass matrix (4.16) of [11]. Starting with the first two

terms in (4.21) corresponding to Y1 in (4.7) we find

[

Y −1/3
mass

](1)

non-diag
= 2D†

L

(

v2Y02
1

M2
Y †

21

1

M1
Y10

)

DR

+2D†
L

(

v2Y03
1

M3
Y †

31

1

M1
Y10

)

DR . (6.13)
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However in the case of the Higgs being localised on the IR brane Y †
21 = Y †

31 = 0 and there

is no correction from the mixing with KK fermions to Y1 at O(v2/M2
KK).

The Higgs coupling to the up-quarks can be evaluated in an analogous way, this time

using the mass matrix (4.15) of [11]. The contribution to Y1 reads

[

Y 2/3
mass

](1)

non-diag
= 2U†

L

(

v2Y02
1

M2
Y †

21

1

M1
Y10

)

UR + 2U†
L

(

v2Y03
1

M3
Y †

34

1

M4
Y40

)

UR

+2U†
L

(

v2Y02
1

M2
Y †

24

1

M4
Y40

)

UR + 2U†
L

(

v2Y03
1

M3
Y †

31

1

M1
Y10

)

UR

+2U†
L

(

v2Y05
1

M5
Y †

51

1

M1
Y10

)

UR + 2U†
L

(

v2Y05
1

M5
Y †

54

1

M4
Y40

)

UR .

(6.14)

As above, in the case of the Higgs being localised on the IR brane some elements of the

mass matrix vanish, Y †
21 = Y †

31 = Y51 = Y †
24 = Y †

34 = Y †
54 = 0, and there is no correction

from the mixing with KK fermions to Y1 at order O(v2/M2
KK) in agreement with [6]. The

remaining non-zero contribution to Y resulting from Y2 is O(vmi/M
2
KK) again in agreement

with [6], where mi is the mass of the involved light quark.

Strictly speaking, the above result is only valid in the limit where the couplings

q̄RY
′
dDLφ+ q̄RY

′
uuL (6.15)

are set to zero. These couplings are not required for the generation of SM masses and, in the

case of brane Higgs, are a priori unrelated to the SM-like Yukawa matrices, consequently

it is possible to set them to zero.8

If the Yukawa couplings Y ′
u and Y ′

d are included into the analysis the situation indeed

changes. It was pointed out recently in [17] that the profiles of the quark fields with

Dirichlet BC on the IR brane do not vanish after EWSB but display a discontinuity that

is proportional to the brane Higgs vacuum expectation value. After regularisation this

induces a very tiny but finite overlap with the Higgs boson even in the case of a brane

localised Higgs. Consequently, the sum over the infinite KK tower of fermion modes can

lead to a sizable contribution to Higgs FCNCs, especially in the case of a light Higgs boson.

7 Impact of gauge boson mixing and KK fermions on charged couplings

7.1 Preliminaries

In this section using the formulae (4.4) and (4.5) we will investigate the impact of KK

fermions on the charged current processes. As the mixing of W± with the heavy charged

gauge bosons WH and W ′ has also an impact on these processes we will work out a number

of formulae for this case as well, in order to be able to compare the size of these two different

effects numerically in section 8. The highlights of this section are the breakdown of the

unitarity of the CKM matrix and the generation of the W± couplings to right-handed

8However, as stated by Azatov et al. in [17], this approach is against the general naturalness argument

according to which all dimensionless 5D parameters are expected to be of order one.
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quarks. It should be emphasised that charged current processes are not protected by

the custodial symmetries discussed in the previous section. But as the charged current

processes take place in the SM already at tree level such a protection is less important

except possibly for the W+t̄LbL coupling, for which the effect turns out to be largest.

7.2 Breakdown of unitarity of the CKM matrix

7.2.1 Preliminaries

When discussing the breakdown of unitarity of the CKM matrix one should emphasise

that when O(v2/M2
KK) corrections to the W+q̄iqj vertex are present in a given model they

can either be considered as contributions to the CKM matrix or treated separately as new

effective flavour and CP-violating charged current interactions. In the latter case the CKM

matrix remains clearly unitary and the O(v2/M2
KK) corrections to the W+q̄iqj vertex that

otherwise would modify the CKM matrix give additional explicit contributions to the decay

amplitudes. Clearly the physical results for decay amplitudes do not depend on whether

the corrections in question have been added to the CKM matrix or treated separately.

In the present paper that has as the main goal the study of the impact of KK fermions

on SM vertices, we found it more convenient to include all O(v2/M2
KK) corrections to the

W+q̄iqj vertex into the CKM matrix.

Another related issue is the definition of the gauge coupling constant, denoted by

g4D. Its value is usually determined with the help of the muon decay that also receives

O(v2/M2
KK) corrections in the model in question modifying the extracted numerical value

of g4D. While being aware of the presence of such effects, their analysis would necessarily

require the study of electroweak precision observables that in most cases have nothing to

do with flavour violation. Therefore we decided to postpone the study of such effects to

a future publication.

With our definition of the CKM matrix, its unitarity is broken in the model under

consideration in two ways, namely by:

• The non-universality of gauge interactions of W± with SM fermions through its

mixing with the heavy gauge bosons in the process of EWSB.

• The mixing of the SM fermions with the heavy KK fermions.

Both effects are O(v2/M2
KK) and it is of interest to see how large these two effects are,

whether one of them is dominant and whether this dominance is flavour dependent. At

O(v2/M2
KK) one can consider these two effects independently from each other, which we

will do in the following.

7.2.2 Non-universality in the couplings of W+

We consider the charged current in (2.9) after EWSB withW+ denoting the mass eigenstate

found after the diagonalisation of the 3×3 gauge boson mass matrix as done in [11]. From

the table 13 of the latter paper we learn that

[

GL(W+)
]

00
≡ GL(W+) =

g4D

√
2

(1+
v2

M2
KK

∆G

)

, (7.1)
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where

∆G = −
(

g4D
)2

4
I+

1 Ri
1

00
(++) . (7.2)

Here I+
1 is flavour independent, while R1

00
(++) is a diagonal 3× 3 matrix in flavour space,

R1
00

(++) =

(

R1
1

00
(++),R2

1
00

(++),R3
1

00
(++)

)

, (7.3)

with its diagonal elements Ri
1

00
(++) given in (5.25).

The dependence of Ri
1

00
(++) on the flavour index “i” signals the breakdown of flavour

universality in gauge interactions of quark flavour eigenstates and as we will soon see, the

breakdown of unitarity of the CKM matrix.

The rotation to quark mass eigenstates in the absence of the mixing with KK fermions

by means of unitary matrices UL,R and DL,R transforms GL(W+) in (7.1) into

U†
LGL(W+)DL =

g4D

√
2
V G

CKM , (7.4)

where we defined

V G
CKM = V 0

CKM +
v2

M2
U†

L∆GDL , (7.5)

with V 0
CKM = U†

LDL being a unitary matrix. As the v2/M2
KK correction is non-unitary,

V G
CKM is non-unitary as well.

7.2.3 Mixing with KK fermions

Let us denote the result in (4.4) in analogy to (7.1) by

GKK
L (W+) =

g4D

√
2

(1+
v2

M2
KK

∆KK

)

, (7.6)

where ∆KK is a non-diagonal 3 × 3 matrix defined through (4.4) and (7.6). In (4.12)

and (4.13) we diagonalised the effective mass matrix (4.1) for −1/3 and +2/3 quarks by

DL,R and UL,R, respectively. Accordingly we now find

V KK
CKM = V 0

CKM +
v2

M2
U†

L∆KKDL . (7.7)

The O(v2/M2
KK) correction in (7.7) breaks the unitarity of the CKM matrix.

7.2.4 Testing the breakdown of unitarity

Let us denote the matrices ∆G and ∆KK by a common symbol ∆r. Then one can

easily find for each contribution corrections to the standard relation for the unitarity of

the CKM matrix,

Ku
r ≡ V r

CKMV
r†
CKM = 1+

v2

M2
KK

U†
L

(

∆r + ∆†
r

)

UL , (7.8)

Kd
r ≡ V r†

CKMV
r
CKM = 1+

v2

M2
KK

D†
L

(

∆r + ∆†
r

)

DL . (7.9)
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One can now test how the twelve usual unitarity relations are violated. We will return to

this issue and numerically investigate the breakdown of unitarity in section 8.4.

7.3 The mixing matrix for right-handed quarks

In the SM the W± gauge boson couples only to left-handed quarks. This property is not

modified through the mixing of W± with new heavy charged gauge bosons. On the other

hand the mixing of SM quarks with KK fermions generates non-zero couplings of W± to

right-handed quarks. The relevant formulae are given in (4.5) and (4.18). In analogy to

the CKM matrix defined in (7.4) we can now define the matrix VR through

U†
RGR(W+)DR =

g4D

√
2
VR . (7.10)

The matrix VR describes the pattern of flavour violation in the charged right-handed cur-

rents. It is of interest to investigate whether there is a hierarchy in the elements of this

matrix and in such case how does it compare to the hierarchy in the elements of the CKM

matrix. We will return to this question in section 8.

8 Numerical analysis

8.1 Preliminaries

The expressions that we have found for the effective couplings of SM quarks to gauge

bosons and the Higgs boson (4.16)–(4.20) together with (4.2)–(4.8) and (4.21) are valid up

to O(v2/M2
KK). To get a feeling for the actual accuracy of these formulae, in this section we

will compare our results to the full numerical computation in the RS model analysed in [6, 7,

11]. Having established the accuracy of the coupling matrices for the off-diagonal couplings

of the gauge bosons and the Higgs derived in the effective theory, we will investigate

• the size of the corrections to the Z couplings

• the violation of the CKM unitarity as described in section 7.2.4

• the impact of O(v2/M2
KK) corrections on the actual values of the CKM matrix entries

• the structure of the right-handed mixing matrix VR generated through the mixing of

SM fermions with the KK fermions.

While analysing the first three points on our list above we will compare the impact of

mixing between SM fermions and the lightest KK fermions with the impact of gauge boson

mixing and identify the dominant contribution.

8.2 Accuracy of effective theory expressions

8.2.1 Numerical strategy

The numerical calculation of the couplings of the Z, W± and Higgs to SM quarks is

straightforward. Starting from the (diagonal) coupling matrices AQ
L,R(Z), GL,R(W+) and
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(off-diagonal) Y(Q) (Q = −1/3, 2/3) given in equations (2.7)–(2.9) the mixing with KK-

fermions is incorporated by rotating these coupling matrices to the mass eigenbasis. This

is achieved by four unitary matrices, U18
L,R and D12

L,R, that are 18×18 and 12×12 matrices,

respectively. They are defined through

Mdiag(2/3) =
(

U18
L

)†M(2/3) U18
R , Mdiag(−1/3) =

(

D12
L

)†M(−1/3) D12
R , (8.1)

where M(2/3) and M(−1/3), as defined in (3.2), are given in equations (4.15), (4.16) of [11]

and have dimensions 18 × 18 and 12 × 12, respectively. Having determined these unitary

matrices, the effective coupling matrices in the mass eigenstate basis can be calculated

analogous to (4.16)–(4.20). The coupling matrices for SM quarks then are given by the

upper-left 3× 3 blocks of the resulting coupling matrices in the mass eigenstate basis. The

origin of off-diagonal entries in these 3 × 3 sub-matrices in the case of gauge couplings

is the non-universality of the full coupling matrices due to different weak charges of the

involved fermions. In the case of the Higgs couplings the origin lies in the fact that the

Higgs coupling matrices, Y(Q), Q = 2/3,−1/3, have in contrast to the corresponding mass

matrices M(Q) no diagonal terms of order O(MKK), and hence the matrices Y(Q) and

M(Q) cannot be diagonalised simultaneously.

The numerical diagonalisation of matrices as large as M(2/3) and M(−1/3) is numer-

ically involved and time consuming, and beyond that the large hierarchies present in these

matrices — diagonal entries have absolute sizes ranging from O(mu) to O(MKK) — limit

the accuracy of the diagonalisation. Although a numerical calculation of the KK-quark

impact on the coupling matrices is in principle feasible, it would on that account be prefer-

able to have confidence in the accuracy of expressions (4.16)–(4.20) derived in the effective

theory and be able to use them instead of the full expressions.

8.2.2 Results

We have compared the KK fermion corrections to the couplings of the SM quarks to the Z

and the W+ gauge bosons obtained by means of the effective theory approach with those

obtained by means of exact diagonalisation as outlined in section 8.2.1. Our results can be

summarised briefly as follows:

• The corrections to the couplings Zdi
Rd̄

j
R and Zui

Lū
j
L, that are not protected by the

custodial symmetry are very well described by the effective theory and the agreement

with the full diagonalisation is better than few % for all points where these corrections

are non-negligible. The corrections to the couplings W+ui
Ld̄

j
L and W+ui

Rd̄
j
R that are

also not protected by the custodial symmetry are still described adequately (agree-

ment better than 20% for the majority of the points), although not to the excellent

accuracy of the former couplings. As an example we show in figure 1 the deviation be-

tween effective theory result and full calculation for the couplings ZsRd̄R and ZcLūL.

• The corrections to the couplings Zdi
Ld̄

j
L and Zui

Rū
j
R, that are protected by custodial

symmetry are found to be negligibly small. For such small couplings it is not

surprising that effective theory expressions and the full diagonalisation do not fully
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ZsRdR

0.0002 0.0004 0.0006 0.0008 0.001
ÈDR

eff
-DR

num
È�ÈDR

num
È

N

ZcLdL

0.01 0.02 0.03 0.04 0.05
ÈDL

eff
-DL

num
È�ÈDL

num
È

N

Figure 1. Comparison of the effective theory result to the result of the full calculation for the

ZsRd̄R coupling (left panel) and ZcLūL coupling (right panel).

agree with each other. We attribute these differences to the accuracy of the full

diagonalisation of large mass matrices and believe that the formulae derived in the

effective theory give a better description of these suppressed corrections. As the latter

are phenomenologically irrelevant the differences encountered here are not important.

• The corrections to the couplings Hdi
Ld̄

j
R as well as Hu3

Lū
1,2
R , Hu1,2

L ū3
R are described

adequately by the expressions derived in the effective theory. For the couplingHcLūR

which is typically significantly smaller than the other off-diagonal Higgs couplings

the effective theory approach reproduces the full calculation up to O(1) factors.

8.3 The size of corrections to the Z-coupling

We will next compare the effect of KK fermion mixing on the SM couplings to the one

arising from the mixing of gauge bosons.

To simplify the discussion we denote the contribution from gauge boson mixing as ∆ij
G

and the contributions from KK-fermion mixing as ∆ij
KK as already done in section 7.2. For

example for the Zdi
Rd̄

j
R coupling we define

A
−1/3
R,G (Z) = g4D

Z,R(d)

(1+
v2

M2
KK

∆G(Z)

)

, (8.2)

A
−1/3
R,KK(Z) = g4D

Z,R(d)

(1+
v2

M2
KK

∆KK(Z)

)

, (8.3)

and analogously for the Zdi
Ld̄

j
L, Zui

L,Rū
j
L,R couplings.

For the Zdi
Ld̄

j
L and Zui

Rū
j
R couplings that are protected by the custodial symmetry

the relative impact of KK fermion mixing turns out to be very small. This is due to the

fact that the effects of SU(2)R × PLR breaking by BCs on the UV brane are much smaller

for fermionic KK modes than they are for the gauge boson KK modes. As an example, in

figure 2 we compare the contributions from KK fermion mixing and gauge boson mixing

that enter the ZsLd̄L and ZcRūR couplings. In the case of couplings that are not protected

by the custodial symmetry, the corrections from KK fermion mixing are still subdominant

but can in principle be of the same order of magnitude as the contribution from gauge

boson mixing. To get a feeling for in which elements of the Zdi
Rd̄

j
R, Zui

Lū
j
L couplings these

corrections can potentially become important it is instructive to investigate the patterns
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Figure 2. Comparison of contributions from KK-fermion mixing and gauge boson mixing to the

custodially protected ZsLd̄L coupling (left panel) an to the custodially protected ZcRūR coupling

(right panel). These results have been obtained by using the effective theory expressions.

of hierarchy in the KK fermion and gauge boson mixing contributions separately and

eventually compare them to each other.

We find that the hierarchies in the gauge boson mixing contributions ∆G(Z) that

enter the above couplings of the Z boson are constrained by the presence of the RS-GIM

mechanism (cf. section 7 in [7]).9 This should be compared to the flavour hierarchies in

the corrections ∆KK stemming from KK fermion mixing. From (6.1)–(6.2), (6.7)–(6.8) and

from the mass matrices of up- and down-quarks in [11] we find that here the patterns are

dictated by the hierarchies in the fermion zero mode shape functions on the IR brane, fQ,

fu, fd, that are vectors in flavour space and are defined through

Y u,d
ij = λu,d

ij

ekL

kL
f

(0)
L (y = L, ciQ)f

(0)
R (y = L, cju,d) ≡ λu,d

ij

ekL

kL
fQ

i f
u,d
j . (8.4)

In particular, the contributions from KK fermion mixing to gauge couplings should

typically be proportional to dyadic products of these quantities, given by e.g.
(

fu ◦ fd
)

ij
≡

fu
i f

d
j . We summarise the expected hierarchies between flavour transitions for couplings

that are not protected by the custodial symmetry in table 5.

As indicated above these hierarchies allow to predict which are the gauge couplings

where the effects of KK fermion mixing can potentially become important compared

to the gauge boson mixing contributions, that is for which flavour transition j → i the

ratio ∆ij
KK/∆

ij
G between KK fermion mixing and gauge boson mixing effects is on average

maximal. We list the entries that receive the largest relative contributions from KK

fermion mixing in the fourth row of table 5. In the case of A
2/3
L (Z), the flavour hierarchies

in gauge boson mixing and KK fermion mixing contributions are roughly equal, such that

the relative importance of KK fermion mixing is roughly equal for all flavour transitions of

9This basically implies that the hierarchy among flavour off-diagonal couplings ∆ij

G
(Z) is parallel to the

hierarchy in the corresponding mass splittings |mi − mj |. Details depend on which quark multiplets, e.g.

Q or d, are involved in the coupling.
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ZdRdR ZuLuL WuLdL WuRdR

∆G RS-GIM (d) RS-GIM (Q) CKM -

∆KK fd ◦ fd fQ ◦ fQ fQ ◦ fQ fu ◦ fd

∆KK most likely relevant sd tc,tu,cu tb, ts, cb all

Table 5. Hierarchies in the gauge boson mixing and KK-fermion mixing contributions to the gauge

couplings that are not protected by the custodial symmetry. In the last line we give the elements

of the coupling matrices which is on average affected most by KK-fermion mixing.

Figure 3. Comparison of contributions from KK-fermion mixing and gauge boson mixing to the

unprotected ZsRd̄R coupling (left panel) and to the unprotected ZtLc̄L coupling (right panel).

this coupling. We compare the gauge boson mixing and KK-fermion mixing contributions

for the flavour transitions that are expected to be affected most by the latter contribution

in figure 3. Also here we find that the contributions from gauge boson mixing typically

are the dominant ones.

In summary we find that for all Z couplings the KK-fermion mixing contribution is

significantly smaller than the gauge boson mixing contribution for a majority of points in

parameter space, and in particular for those points that produce the largest effects in the

respective coupling.

8.4 Violation of CKM unitarity

We continue our discussion with an analysis of the breakdown of unitarity of the CKM

matrix. In the class of models we considered above that contain N additional charge

2/3 and M additional charge −1/3 vector-like quarks, the CKM matrix generalises to a

3(N + 1) × 3(M + 1) matrix. It is given by

V N,M
CKM =

(

U3(N+1)
L

)†
GL(W+)D3(M+1)

L , (8.5)

where U3(N+1)
L,R and D3(M+1)

L,R are the unitary matrices that diagonalise the mass matrices

M(2/3) and M(−1/3), respectively. The CKM matrix observable at low energies, that is
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the flavour mixing matrix that is measured in processes with only light quarks as external

states, corresponds to the upper-left 3 × 3 block of the generalised CKM matrix and will

in general show deviations from unitarity, as indicated in section 7.2. This breakdown

of unitarity can be characterised by the departure of the matrices Ku
r and Kd

r in (7.8)

and (7.9) from unit matrices. Beginning with the case r = KK we find that

• The corrections to the diagonal elements of Ku and Kd matrices that equal unity in

the SM amount to at most 1% for the first two entries. As seen in table 6 for the

third generation the corrections can be as large as 2%.

• The corrections to the non-diagonal elements of Ku and Kd matrices, that vanish

in the SM, express the violation of the unitarity triangle relations. In table 6 we list

the typical and maximal corrections to the six unitarity triangle relations. We give

only the absolute values of these corrections and compare them in each case to the

absolute value of the terms on the l.h.s. of the triangle relation in question that we

evaluate using the actual values of the elements of the CKM matrix. We observe that

the relative corrections are larger in cases where the quarks of the third generation

are involved but on the whole the corrections are below 2% in each case.

For comparison we also analyse the violation of unitarity stemming from gauge boson

mixing, that is for the case r = G. Also these results are shown in table 6. As in the

previous case we find the corrections to the diagonal elements of Ku
G and Kd

G to be at

most 1% for the first two generations, and at most 2% for the third generation. For the off-

diagonal elements of Ku and Kd we find that corrections can be as large as 5% compared to

the largest term on the l.h.s. of the corresponding unitarity relation. Comparing our results

to the r = KK case above, we find that typically the effects from gauge boson mixing are

larger than those stemming from KK fermion mixing except for in the third column and

third row unitarity relations, for which the two corrections roughly have the same size.

As seen in table 6 the effects of CKM unitarity relations coming from both the gauge

mixing and KK-fermion mixing is very small. Still with improved data one could in prin-

ciple put some bounds on the parameters of the RS model in question by studying such

relations. In doing this, as already cautioned in section 7.2, one would have to care-

fully study other observables with respect to the definition of the gauge coupling at order

v2/M2
KK and preferably in conjunction with electroweak precision tests.

8.5 Corrections to the CKM matrix

We next investigate the corrections to the elements of the CKM matrix due to the KK

excitations of fermions and gauge bosons. From sections 7.2.2 and 7.2.3 we expect that

these corrections are of order O(v2/M2
KK). In particular, if we compute the corrections

due to KK fermions and KK gauge bosons separately and we define

∆V KK
CKM ≡

∣

∣

∣

∣

V KK
CKM − V 0

CKM

V 0
CKM

∣

∣

∣

∣

, (8.6)

∆V G
CKM ≡

∣

∣

∣

∣

V G
CKM − V 0

CKM

V 0
CKM

∣

∣

∣

∣

, (8.7)
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〈KG−1〉 |KG−1|max 〈KKK−1〉 |KKK−1|max

|Vud|2 + |Vcd|2 + |Vtd|2 = Kd
11 3.5·10−3 3.5·10−3 6.8·10−7 1.9·10−5

0.95 5·10−2 8·10−5

|Vus|2 + |Vcs|2 + |Vts|2 = Kd
22 3.3·10−3 3.5·10−3 2.4·10−5 5.1·10−4

5·10−2 0.95 2·10−3

|Vub|2 + |Vcb|2 + |Vtb|2 = Kd
33 1.4·10−2 1.9·10−2 8.4·10−3 2.1·10−2

1·10−5 2·10−3 1

|Vud|2 + |Vus|2 + |Vub|2 = Ku
11 3.5·10−3 3.5·10−3 1.8·10−6 3.3·10−5

0.95 5·10−2 1·10−5

|Vcd|2 + |Vcs|2 + |Vcb|2 = Ku
22 3.3·10−3 3.5·10−3 3.9·10−5 4.8·10−4

0.95 5·10−2 2·10−3

|Vtd|2 + |Vts|2 + |Vtb|2 = Ku
33 1.4·10−2 1.9·10−2 8.4·10−3 2.1·10−2

8·10−5 2·10−3 1

VudV
∗
us + VcdV

∗
cs + VtdV

∗
ts = Kd

12 1.4·10−6 5.4·10−5 9.1·10−7 2.5·10−5

0.22 0.22 4·10−4

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = Kd

13 3.7·10−5 3.0·10−4 2.0·10−5 1.8·10−4

4·10−3 9·10−3 9·10−3

VusV
∗
ub + VcsV

∗
cb + VtsV

∗
tb = Kd

23 1.6·10−4 1.6·10−3 9.4·10−5 8.7·10−4

9·10−4 4·10−2 4·10−2

VudV
∗
cd + VusV

∗
cs + VubV

∗
cb = Ku

12 1.1·10−5 2.7·10−4 4.5·10−6 1.1·10−4

0.22 0.22 2·10−4

VudV
∗
td + VusV

∗
ts + VubV

∗
tb = Ku

13 7.2·10−5 4.2·10−4 3.2·10−5 2.2·10−4

9·10−3 9·10−3 4·10−3

VcdV
∗
td + VcsV

∗
ts + VcbV

∗
tb = Ku

23 5.9·10−4 1.7·10−3 3.0·10−4 1.1·10−3

2·10−3 4·10−2 4·10−2

Table 6. CKM unitarity relations and the amount by which they are broken in the RS model. For

comparison in the first column we also give numerical values for the absolute values of the three

terms on the l.h.s. of the relations separately.

as done in section 8.3 for the Z couplings we can also here predict the pattern of hierarchies

in ∆V KK
CKM and ∆V G

CKM. From (7.1) we can deduce that the hierarchy in ∆V G
CKM is CKM-

like, while the effective theory expressions imply that the pattern of ∆V KK
CKM is the same

as in the dyadic product fQ ◦ fQ. A comparison of these patterns suggests that typically

the largest impact of KK fermions relative to the effects of gauge boson mixing is expected

in the tb element, but also in the ts and cb elements. Both contributions to the ts and tb

elements of the CKM matrix are compared to each other in figure 4. Numerically we find

log10 ∆V KK
CKM ≈







−6.6+1.9
−1.9 −4.9+1.6

−1.6.0 −2.3+1.0
−1.5

−5.7+1.6
−1.9 −4.9+1.6

−1.5 −2.4+0.7
−1.5

−3.1+1.2
−2.3 −3.0+1.3

−2.0 −2.4+0.6
−1.4






, (8.8)
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Figure 4. Comparison of contributions from KK fermion mixing and gauge boson mixing to the

W+ t̄LsL coupling (left panel) and the W+t̄LbL coupling (right panel).

log10 ∆V G
CKM ≈







−2.8 −2.8+0.0
−0.2 −2.1+0.9

−1.0

−2.8 −2.8+0.0
−0.2 −2.2+0.6

−0.9

−2.6+0.9
−1.0 −2.5+0.9

−1.1 −2.2+0.2
−0.1






, (8.9)

where the quoted bounds (if given) enclose the values for ∆V KK
CKM, ∆V G

CKM that are yielded

by 99% of all parameter points. We observe that

• as expected, the relative corrections are larger in the cases where the quarks of the

third family are involved

• the tb element of the CKM matrix is the only coupling in our analysis for which

for a non-negligible portion of the parameter space the corrections coming from

KK fermions can in principle be more important than the corrections from gauge

boson mixing

• for all other elements of the CKM matrix, even for Vts and Vcb, the corrections due

to the KK gauge bosons are typically dominant.

8.6 Coupling of W+ to right-handed quarks

Following the line of argument in section 8.3, we find the counterpart of the CKM matrix

describing the coupling of W+ to right-handed quarks to have a hierarchy among its ele-

ments that is very different from that of the CKM matrix itself. Being characterised by

the pattern denoted by fu ◦fd in table 5, the elements of VR increase mildly along its rows,

e.g. V ud
R < V us

R < V ub
R and more strongly along its columns, e.g. V ud

R < V cd
R < V td

R . This

implies that VR is neither approximately diagonal nor symmetric.

Numerically we find the entries of VR to have the typical values

VR ≈







1 · 10−7 1 · 10−7 3 · 10−7

9 · 10−6 3 · 10−5 3 · 10−5

8 · 10−5 2 · 10−4 9 · 10−4






(8.10)

for the scenario considered in [6, 7, 11]
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9 Conclusions

In the present paper we have derived general formulae for the corrections to the SM gauge

couplings to quarks resulting from the mixing of these quarks with the heavy vector-like

fermions in the process of EWSB. To this end we have integrated out the heavy fermions

by means of EOM. We have emphasised that in order to obtain correct results for the

couplings in question the kinetic terms of the SM fermions that are affected by this mixing

have to be brought into canonical form by a proper redefinition of these fields.

We have applied our formulae to the case of KK fermions in a RS model with a

custodial protection of flavour conserving Zdi
Ld̄

i
L and flavour violating Zdi

Ld̄
j
L couplings

demonstrating explicitly that this protection remains effective in the presence of the mixing

with KK fermions. In order to obtain this result it was essential to bring the kinetic terms

of the SM fermions into the canonical form. Our numerical diagonalisation of the fermion

mass matrices gives another support to the correctness of our formulae.

We have also pointed out that in this model the couplings of Zui
Rū

i
R and Zui

Rū
j
R are

protected as well. A list collecting the couplings that are protected in this particular RS

model can be found in section 5.1.

We have also shown explicitly that, in the limit discussed in section 6.4, at O(v2/M2
KK)

the fermion-Higgs couplings of a Higgs placed on the IR brane is not affected by the KK

contributions up to strongly chirally suppressed contributions discussed also in [6].

An interesting implication of the mixing of the SM fermions with heavy vectorial

fermions is the generation of the right-handed couplings of W±. This mixing can be

described by a non-unitary 3 × 3 matrix that describes the pattern of flavour violation in

these new interactions of the standard W± boson.

Our detailed numerical analysis results in the following findings:

• The accuracy of the effective theory formulae that take into account mixing of SM

quarks and KK fermions up to order O(v2/M2
KK) is excellent in the case of those Z

couplings that are not protected by the custodial symmetry and reasonably good in

the case of W+ couplings. The strong suppression of custodially suppressed couplings

is qualitatively reproduced.

• We find the impact of KK fermion mixing on custodially protected couplings to be

smaller than the contribution from gauge boson mixing by at least five orders of

magnitude. This explicitly shows that corrections from KK-fermion mixing do not

spoil the custodial protection of the above couplings.

• In the case of Z and W± couplings that are not protected by the custodial symmetry

we find the KK fermion mixing effect to be still smaller than the gauge mixing effect

for a large majority of points in parameter space. This is in particular the case

for those points in parameter space that produce large overall corrections to these

couplings. The only exception to this rule is given by (VCKM)tb where corrections

from KK fermion mixing and gauge boson mixing can have the same size.
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• The violation of unitarity of the CKM matrix is smaller than 1% for all unitarity

relations except for the relations involving the third column and third row, respec-

tively. Here unitarity can be violated by as much as 5%. Also here the corrections

from KK-fermion mixing typically have a smaller impact than the corrections stem-

ming from gauge boson mixing, with the exception of the aforementioned unitarity

relations involving the third column and third row where both corrections can be of

the same size.

• Corrections to the CKM matrix elements themselves turn out to be as large as 2%

for Vtj , j = d, s, b, and Vib, i = u, c, t, while corrections to all other elements are

significantly smaller.

• The hierarchy in the mixing matrix VR that is the analog of the CKM matrix for

right-handed quarks is very much different from the VCKM one. In particular, we find

that elements grow from left to right and top to bottom, that is |V i+1,j
R | > |V i,j

R | and

|V i,j+1
R | > |V i,j

R |, for i, j = 1, 2, 3. Numerical values are found to range from |V 11
R | ∼

O(10−7) to |V 33
R | ∼ O(10−3) with intermediate values for the off-diagonal elements.

• In the limit discussed in section 6.4, the off-diagonal non-derivative Higgs couplings

originating from Y1 vanish at order O(v2/M2
KK). Terms involving derivatives,

denoted by Y2, however yield contributions to the off-diagonal Higgs couplings

at this order.
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A Couplings and charge factors

In this appendix we list all the couplings and the charge factors that we have used through-

out this paper, and that can be easily computed using equations (5.3) and (5.4) together

with tables 1 and 2.

First, we give the charge factors in the couplings of SM down-quarks (both left and

right-handed) to Z, ZX gauge bosons:

g4D
Z,L(d) =

g4D

cosψ

[

−1

2
+

1

3
sin2 ψ

]

, (A.1)
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g4D
Z,R(d) =

g4D

cosψ

[

1

3
sin2 ψ

]

, (A.2)

κ4D
1 (d) =

g4D

cosφ

[

−1

2
− 1

6
sin2 φ

]

, (A.3)

κ4D
5 (d) =

g4D

cosφ

[

−1 +
1

3
sin2 φ

]

. (A.4)

Analogously, the charge factors in the couplings of SM up-quarks (both left and right-

handed) to Z, ZX gauge bosons read:

g4D
Z,L(u) =

g4D

cosψ

[

1

2
− 2

3
sin2 ψ

]

, (A.5)

g4D
Z,R(u) =

g4D

cosψ

[

−2

3
sin2 ψ

]

, (A.6)

κ4D
1 (u) =

g4D

cosφ

[

−1

2
− 1

6
sin2 φ

]

, (A.7)

κ4D
3 (u) =

g4D

cosφ

[

−2

3
sin2 φ

]

. (A.8)

Finally, the charge factors in the couplings of the additional (vector-like) fermion fields

(χui

, χdi

, U ′i, U ′′i and D′i) to Z, ZX gauge bosons are given by:

g4D
Z (χu) =

g4D

cosψ

[

1

2
− 5

3
sin2 ψ

]

, (A.9)

κ4D (χu) =
g4D

cosφ

[

1

2
− 7

6
sin2 φ

]

, (A.10)

g4D
Z

(

χd
)

=
g4D

cosψ

[

−1

2
− 2

3
sin2 ψ

]

(A.11)

κ4D
(

χd
)

=
g4D

cosφ

[

−1

2
+

5

6
sin2 φ

]

, (A.12)

g4D
Z

(

U ′) = gZ(U ′′) =
g4D

cosψ

[

−2

3
sin2 ψ

]

, (A.13)

κ4D
(

U ′) = κ
(

U ′′) =
g4D

cosφ

[

−2

3
sin2 φ

]

, (A.14)

g4D
Z

(

D′) =
g4D

cosψ

[

−1 +
1

3
sin2 ψ

]

, (A.15)

κ4D
(

D′) =
g4D

cosψ

[

4

3
sin2 φ

]

. (A.16)
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